A fully quantum mechanical description of the precessional damping of Pt/Co bilayer is presented in the framework of the Keldysh Green function approach using ab initio electronic structure calculations. In contrast to previous calculations of classical Gilbert damping (αGD), we demonstrate that αGD in the quantum case does not diverge in the ballistic regime due to the finite size of the total spin, S. In the limit of S → ∞ we show that the formalism recovers the torque correlation expression for αGD which we decompose into spin-pumping and spin-orbital torque correlation contributions. The formalism is generalized to take into account a self consistently determined dephasing mechanism which preserves the conservation laws and allows the investigation of the effect of disorder. The dependence of αGD on Pt thickness and disorder strength is calculated and the spin diffusion length of Pt and spin mixing conductance of the bilayer are determined and compared with experiments.
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I. INTRODUCTION
Magnetic materials provide an intellectually rich arena for fundamental scientific discovery and for the invention of faster, smaller and more energy-efficient technologies. The intimate relationship of charge transport and magnetic structure in metallic systems on one hand, and the rich physics occurring at the interface between different materials in layered structures on the other hand, are the hallmark of the flourishing research field of spintronics.
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Recently, intense focus has been placed on the significant role played by spin-orbit coupling (SOC) and the effect of interfacial inversion symmetry breaking on the dynamics of the magnetization in ferromagnet (FM)-normal metal (NM) bilayer systems. Of prime importance to this field is the (precessional) magnetization damping phenomena, usually treated phenomenologically by means of a parameter referred to as Gilbert damping constant, α GD , in the LandauLifshitzGilbert (LLG) equation of motion d m/dt = γ m × B + α GD m × d m/dt, which describes the rate of the angular momentum loss of the FM. 6 Here, m is the unit vector along the magnetization direction and B is an effective magnetic field.
In FM/NM bilayer devices the effect of the NM on the Gilbert damping of the FM is typically considered as an additive effect, where the total Gilbert damping can be separated into an intrinsic bulk contribution and an interfacial component due to the presence of the NM. 7, 8 While the interfacial Gilbert damping is usually attributed to the loss of angular momentum due to pumped spin current into the NM, 9,10 in metallic bulk FMs the intrinsic Gilbert damping constant is described by the coupling between the conduction electrons and the (timedependent) magnetization degree of freedom.
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The conventional approach to determine the Gilbert damping constant involves calculating the imaginary part of the time-dependent susceptibility of the FM in the presence of conduction electrons in the linear response regime. [12] [13] [14] In this case, the time-dependent magnetization term in the electronic Hamiltonian leads to the excitation of electrons close to the Fermi surface transferring angular momentum to the conduction electrons. The excited electrons in turn relax to the ground state by interacting with their environment, namely through phonons, photons and/or collective spin/charge excitations. These interactions are typically parameterized phenomenologically by the broadening of the energy levels, η = /2τ , where τ is the relaxation time of the electrons close to the Fermi surface. The phenomenological treatment of the electronic relaxation is valid when the energy broadening is small which corresponds to clean systems, i.e., ηD(E F ) ≤ 1, where D(E F ) is the density of states per atom at the Fermi energy. In the case of large η [ηD(E F ) 1)] however, this approach violates the conservation laws and a more accurate description of the relaxation mechanism that preserves the energy, charge and angular momentum conservation laws are required. 15 The importance of including the vertex corrections has already been pointed out in the literature when the Gilbert damping is dominated by the interband contribution, [16] [17] [18] i.e., when there is a significant number of states available within the energy window of η around the Fermi energy.
In this paper we investigate the magnetic damping phenomena through a different Lens in which the FM is assumed to be small and quantum mechanical. We show that in the limit of large magnetic moments we recover different conventional expressions for the Gilbert damping of a classical FM. We calculate the Gilbert damping for a Pt/Co bilayer system versus the energy broadening, η and show that in the limit of clean systems and small magnetic moments the FM damping is governed by a coherent dynamics. We show that in the limit of large broadening η > 1meV which is typically the case at room temperature, the relaxation time approximation fails. Hence, we employ a self consistent approach preserving the conservation laws. We calculate the Gilbert damping versus the Pt and Co thicknesses and by fitting the results to spin diffusion model we calculate the spin diffusion length and spin mixing conductance of Pt.
II. THEORETICAL FORMALISM OF MAGNETIZATION DAMPING
For a metallic FM the magnetization degree of freedom is inherently coupled to the electronic degrees of freedom of the conduction electrons. It is usually convenient to treat each degree of freedom separately with the corresponding time-dependent Hamiltonians that do not conserve the energy. However, since the total energy of the system is conserved, it is possible to consider the total Hamiltonian of the combined system and solve the corresponding stationary equations of motion. For an isolated metallic FM the wave function of the coupled electronmagnetic moment configuration system is of the form, |mα k = |S, m ⊗ |α k , where the parameter S denotes the total spin of the nano-FM (S → ∞ in the classical limit), m = −S . . . , +S, are the eigenvalues of the total S z of the nano-FM, ⊗ refers to the Kronecker product, and α denotes the atomic orbitals and spin of the electron Bloch states. The single-quasi-particle retarded Green function and the corresponding density matrix can be obtained from,
Here, H M = γ B · S, is the Hamiltonian of the nano-FM in the presence of an external magnetic field B with eigenstates, |S, m , γ is the gyromagnetic ratio, f (E) is the Fermi-Dirac distribution function,ˆ σ is the vector of the Pauli matrices,Ĥ k is the non-spin-polarized Hamiltonian matrix in the presence of spin orbit coupling (SOC), and∆ k is the k-dependent exchange splitting matrix, discussed in detail in Sec. III. We employ the notation that bold symbols operate on |S, m basis set and symbols with hat operate on the |α k s. Here, for simplicity we ignore explicitly writing the identity matrices1 and 1 as well as the Kronecker product symbol in the expressions. A schematic description of the FM-Bloch electron entangled system and the damping process of the nano-FM is shown in Fig. 1 . The presence of the magnetic Hamiltonian in the Fermi distribution function in Eq. (2) acting as a chemical potential leads to transition between magnetic states |S, m along the direction in which the magnetic energy is minimized 19 . The transition rate of the FM from the excited states, |S, m , to states with lower energy (i.e. the damping rate) can be calculated from 19 ,
where,
Here, N is the number of k-points in the first Brillouin zone, T r el , is the trace over the Bloch electron degrees of freedom,
The precessional Gilbert damping constant can be determined from conservation of the total angular momentum by equating the change of angular momentum per unit cell for the Bloch electrons, T m , and the magnetic moment obtained from LLG equation, α GD M tot sin 2 (θ)/2, which leads to,
Here, cos(
, is the cone angle of precession and M tot is the total magnetic moment per unit cell in units of 1 2 gµ B with g and µ B being the Landé factor and magneton Bohr respectively. The Larmor frequency, ω, can be obtained from the effective magnetic field along the precession axis, ω = γB z .
The exact treatment of the magnetic degree of freedom within the single domain dynamical regime offers a more accurate description of the damping phenomena that can be used even when the classical equation of motion LLG is not applicable. However, since in most cases of interest the FM behaves as a classical magnetic moment, where the adiabatic approximation can be employed to describe the magnetization dynamics, in the following two sections we consider the S → ∞ limit and close to adiabatic regime for the FM dynamics.
A. Classical Regime: Relaxation Time Approximation
The dissipative component of the nonequilibrium electronic density matrix, to lowest order in ∂/∂t, can be determined by expanding the Fermi-Dirac distribution in Eq. (2) to lowest order in [H M ] mm = δ mm m ω. Performing a Fourier transformation with respect to the discrete Larmor frequency modes, mω ≡ i∂/∂t, we find that,ρ
† are the retarded and advanced Green functions calculated at the Fermi energy, E F , and a fixed time t.
The energy absorption rate of the electrons can be determined from the expectation value of the time derivative of the electronic Hamiltonian, E e = (Tr(ρ dis neq (t)∂Ĥ/∂t)), where () refers to the real part. Calculating the time-derivative of the Green function and using the identity, ηĜ rĜa = ηĜ aĜr = (Ĝ r ), where, () refers to the anti-Hermitian part of the matrix, the torque correlation (TC) expression for the energy excitation rate of the electrons is of the form,
In the case of semi-infinite NM leads attached to the FM, using, (Ĝ r ) =Ĝ rΓĜa =Ĝ aΓĜr , Eq.(6) can be written as
where,Γ = η1 + (Σ r −Σ a )/2i, withΣ r/a being the retarded/advanced self energy due to the NM lead attached to the FM which describes the escape rate of electrons from/to the reservoir. It is useful to separate the dissipation phenomena into local and nonlocal components as follows. Applying the unitary operator,Û (t) = e iωσzt/2 e iθσx/2 e −iωσzt/2 = cos(
, to fix the magnetization orientation along z we find,
where we have ignored higher order terms in θ and,
Here, [, ] refers to the commutation relation,Ĥ 0 is the time independent terms of the Hamiltonian, andĜ r/a 0 refers to the Green function corresponding to magnetization along z-axis. Using Eq. (7) for the average energy absorption rate we obtain,
In the absence of the SOC, the first term in Eq. (10) is the only non-vanishing term which corresponds to the pumped spin current into the reservoir [i.e. I Sz = Tr(σ zΓρ dis neq )/2] dissipated in the NM (no back flow). This spin pumping component is conventionally formulated in terms of the spin mixing conductance 20 , I Sz = g ↑↓ sin 2 (θ)/4π, which acts as a nonlocal dissipation mechanism. The second term, referred to as the spin-orbital torque correlation 11, 21 (SOTC) expression for damping, is commonly used to calculate the intrinsic contribution to the Gilbert damping constant for bulk metallic FMs. The third term arises when both SOC and the reservoir are present. It is important to note that the formalism presented above is valid only in the limit of small η (ballistic regime). On the other hand, in the case of large η, typical in experiments at room temperature, the results may not be reliable due to the fact that in the absence of metallic leads a finite η acts as a fictitious reservoir that yields a nonzero dissipation of spin current even in the absence of SOC. A simple approach to rectify the problem is to ignore the effect of finite η in the spin pumping term in calculating the Gilbert damping constant. A more accurate approach is to employ a dephasing mechanism that preserves the conservation laws, which we refer it to as conserving torque correlation approach discussed in the following subsection.
B. Classical Regime: Conserving Dephasing Mechanism
Rather than using the broadening parameter, η, as a phenomenological parameter, we determine the self energy of the Bloch electrons interacting with a dephasing bath associated with phonons, disorder, etc. using a self-consistent Green function approach 22 . Assuming a momentum-relaxing self energy given by,
whereλ k is the interaction coupling matrix, the dressed Green function,Ĝ r/a k (E, t) , and corresponding self energy,Σ r/a int (E, t), are calculated self-consistently. This will in turn yield a renormalized broadening matrix, Γ int = (Σ r int ), which is the vertex correction modification of the infinitesimal initial broadening η 0 .
The nonequilibrium density matrix is calculated from
where the time derivative vertex correction term iŝ
The energy excitation rate for the Bloch electrons then reads,
The vertex correction Eqs. (13) and (15) can be solved either exactly by transforming them into a system of linear equations or by solving them self consistently. Due to the large number of orbitals and atoms per unit cell for the Co/Pt bilayer the latter approach is computationally more efficient. In the following numerical calculations we assumeλ k = λ int1 to be a constant independent of k and of orbitals, which can be viewed as the root mean square value of a random on-site potential, λ int = V 2 rand , where ... denotes an ensemble averaging, where the self energy in Eq. (11) corresponds to the self consistent Born approximation.
C. Gilbert Damping Calculation
Having determined the energy absorption rate of the Bloch electrons due to the precessing FM, from conservation of energy one can deduce the energy dissipation rate of the FM from, E M = −E e . Using the LLG equation of motion the energy dissipation rate per unit cell of the precessing FM can be obtained from (16) where m is the unit vector along the magnetization of the FM. The Gilbert damping parameter can then be obtained from
III. COMPUTATIONAL SCHEME
The spin-polarized density functional theory calculations for the hcp Co(0001)/fcc Pt(111) bilayer were carried out using the Vienna ab initio simulation package (VASP) 23, 24 . The pseudopotential and wave functions are treated within the projector-augmented wave (PAW) method 25, 26 . Structural relaxations were carried using the generalized gradient approximation as parameterized by Perdew et al. 27 when the largest atomic force is smaller than 0.01 eV/Å. The plane wave cutoff energy is 500 eV and a 14 × 14 × 1 k point mesh is used in the 2D BZ sampling. The Pt(m)/Co(n) bilayer is modeled employing the slab supercell approach along the [111] consisting of m fcc Pt monolayers (MLs) (ABC stacking) (m=1, 2, . . ., 6), n hcp Co MLs (AB stacking) Co (n= 6), and a 25Å thick vacuum region separating the periodic slabs. The in-plane lattice constant of the hexagonal unit cell was set to the experimental value of 2.505Å for bulk Co.
The Gilbert damping constant was calculated using the tight-binding parameters obtained from VASPWannier90 calculations 28 with a 250 × 250 k-mesh for the bilayer and 250 × 250 × 250 k-mesh for bulk Co. The electron Hamiltonian,Ĥ k , and exchange splitting,∆ k , matrices in Eq. (1) in the Wannier basis have the form
whereĤ SOC is the SOC Hamiltonian matrix,Ĥ ↑↑ n and H ↓↓ n are the spin-majority and spin-minority matrices, n = (n 1 , n 2 , n 3 ) are integers denoting the lattice vectors, D n is the degeneracy of the Wigner-Seitz grid point, and
TheĤ ↑↑ n andĤ ↓↓ n are determined from spin-polarized VASP-Wannier90 calculations without SOC. On the other hand,Ĥ SOC , is determined from VASP-Wannier90 non-spin-polarized calculations with SOC as the following.
Using the identity, T r[
, wherê L i is the angular momentum operator of orbital l and i, j = x, y, z, the SOC strength of the Ith atom can be calculated from
Here, the superscript P denotes the paramagnetic Hamiltonian, II are the on-site Hamiltonian matrix elements for atom I at n = (0, 0, 0), and ll is the block Hamiltonian matrix corresponding to orbital l. The result is independent of the direction of the angular momentum operator. We find that ξ (5) for Pt(1 ML)/Co(6 ML) bilayer system for S =60 and η =1 meV, respectively.
IV. RESULTS AND DISCUSSION
The Gilbert damping constant (calculated from Eq. (5) , for the Pt(1 ML)/Co(6 ML) bilayer is shown in Fig. 2 with η =1 meV and S =60. We find that the Gilbert damping is relatively independent of the cone angle. The small angular dependence of the Gilbert damping is material dependent and it could increase or decrease upon increasing the cone angle, depending on the material. In order to see the transition from quantum mechanical to classical dynamical regimes, in Fig. 3 we present the Gilbert damping constant of the Pt(1 ML)/Co(6 ML) bilayer versus the broadening parameter, η, for different values of the total spin S of the FM. For the case of finite S we used Eq. (5) while for S = ∞ we used the TC expression Eq. (6). We find that for finite S the Gilbert damping value exhibits a peak in the small η regime (clean system) where the peak value increases linearly with S and shifts to smaller broadening value with increasing S. The underlying origin of the α GD (η) behavior with S in coherent regime can be understood in terms of the coherent transport of quasi-particles along the auxiliary direction m in Fig. 1 , where the auxiliary current flow (damping rate) depends linearly on the chemical potential difference between the first (m = +S) and last layers (m = −S) which is simply 2S. This suggests that in the limit of infinite S and ballistic regime η → 0 the intrinsic Gilbert damping diverges. It was shown that the problem of infinite Gilbert damping in the ballistic regime can be removed by taking into account the collective excitations.
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As we discussed in Sec. II A, the relaxation time approximation is valid only in the small η limit and it violates the conservation law when η is large. In order (5) and (6) were used to calculate the Gilbert damping for finite and infinite S, respectively.
to quantify the validity of the relaxation time approximation, in Fig. 4 we display the Gilbert damping versus broadening, η, or interaction parameter, λ int , for the Pt(1 ML)/Co(6 ML) bilayer with S = ∞, using (i) torque correlation(TC) expression (Eq. (6)); (ii) the spin-orbital torque correlation (SOTC) expression (second term in Eq. (10);) and (iii) the conserving TC expression (Eq. (14)). The upper horizontal-axis refers to the interaction strength λ int of the conserving TC method and the lower one refers to the broadening parameter, η. The calculations show that for η >20 meV the TC results deviate substantially from those of the conserving TC method. Ignoring the spin pumping contribution to the Gilbert damping in Eq. (10) and considering only the SOTC component increases the range of the validity of the relaxation time approximation. Therefore, the overestimation of the Gilbert damping using the TC method can be attributed to the disappearance of electrons (pumped spin current) in the presence of the finite non-Hermitian term, iη1, in the Hamiltonian.
We have used the conserving TC approach to calculate the effect of λ int on the Gilbert damping as a function of the Pt layer thickness for the Pt(m)/Co(6 ML) bilayer. As an example, we display in Fig. 5 the results of Gilbert damping versus Pt thickness for λ int = 1eV which yields a Gilbert damping value of 0.005 for bulk Co (m = 0 ML) and is in the range of 0.005 31, 32 to 0.011 [33] [34] [35] reported experimentally. Note that this large λ int value describes the Gilbert damping in the resistivity-like regime which might not be appropriate to experiment, where the bulk Gilbert damping decreases with temperature, suggesting that it is in the conductivity regime.
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For a given λ int we fitted the ab initio calculated Gilbert damping versus Pt thickness to the spin diffu- Gilbert damping of Pt(1 ML)/Co(6 ML) bilayer versus the broadening parameter η (lower abscissa) and interaction strength, λint, (upper abscissa), using the torque correlation (TC), spin-orbital torque correlation (SOTC), and conserving TC expressions given by Eqs. (6), (10) and (14), respectively. sion model, [37] [38] [39] 
Here, g eff ↑↓ is the effective spin mixing conductance, d Co (d P t ) is the thickness of Co (Pt), V Co = 10.5Å 3 (M Co = 1.6µ B ) is the volume (magnetic moment) per atom in bulk Co, and L sf P t is the spin diffusion length of Pt. The inset of Fig. 5 shows the variation of the effective spin mixing conductance and spin diffusion length with the interaction strength λ int . In the diffusive regime λ int > 0.2eV , L sf P t ranges between 1 to 6 nm in agreement with experiment findings which are between 0.5 and 10 nm 33, 40 . Moreover, the effective spin mixing conductance is relatively independent of λ int oscillating around 20 nm −2 , which is approximately half of the experimental value of ≈ 35 -40 nm −2 .
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On the other hand, in the ballistic regime (λ int <0.2 eV), although the errorbar in fitting to the diffusion model is relatively large, the value of L sf P t ≈ 0.5 nm is in agreement with Ref.
7 and experimental observation 40 .
V. CONCLUDING REMARKS
We have developed an ab initio-based electronic structure framework to study the magnetization dynamics of a nano-FM where its magnetization is treated quantum mechanically. The formalism was applied to investigate the intrinsic Gilbert damping of a Co/Pt bilayer as a function of energy broadening. We showed that in the limit of small S and ballistic regime the FM damping is governed by coherent dynamics, where the Gilbert damping is proportional to S. In order to study the effect of disorder on the Gilbert damping we used a relaxation scheme within the self-consistent Born approximation. The ab initio calculated Gilbert damping as a function of Pt thickness were fitted to the spin diffusion model for a wide range of disorder strength. In the limit of large disorder strength the calculated spin diffusion length and effective spin mixing conductance are in relative agreement with experimental observations.
